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ABSTRACT 


imo per bile Cssencial properties of general 
Lebesgue outer measure are discussed. The complete measure 
Paco mmcoOnsisuing of the general Lebesgue outer measure 
mioerrevea sco tne measurable sets, is developed and this 
Peeaure is Shown to be unique. Two characterizations of 
fe ieeevenscopseare discussed. Ihe Borel sets are inves- 
tigated in the plane and more generally, in n-Space, and 
fro siownl that the O-algebra of Borel sets is equal To 
the product oO-algebra of Borel sets on the line. Finally, 
Dicmtiirerrelarionships between Lebesgfue measure in the 
plane and the product measure of Lebesgue measures on the 
line are investigated. It is shown that the o-algebra of 
meeeseiie measuraple sets properly contains the product 
o-algebra and that these two measures agree on the product 
O-algebra. It is also proven that the o-algebra of Lebesgue 
measurable sets is the completion of the product o-algebra. 
Preamp les ames peov1ded LO illustrate that the product measure 
Spaces discussed are not complete as well as an example of 


a subset of the plane which is not Lebesgue measurable. 
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INTRODUCTION 


Genetic Pweresunis tCaesis Should be understandable to 
any reader whose background includes the equivalent of a 
Course in measure and intergravtion theory. In fact, most 
of the questions answered in this paper were an outgrowth 
Siena course in the theory of real variables taken by the 
Sucrnor. 

There are several ways of interrelating outer measure 
Beeeiledsure, come authors define a measure and extend it 
bo, an Outer measure through hereditary sets. Others develop 
MEmieolLmenmme! CULeCr measure and restrict it to a certain 
class of sets to obtain a measure; this method will be 
Seeereussed in this thesis. 

In a first approach to measure and integration theory, 
attention is usually focused on Lebesgue measure and inte- 
Peareroneone tune real line. An algebra is introduced as a 
collection of sets from a set, X, such that X and @ belong 
Pmt mcolmeci mon, and the collection is closed under com 
plementation and finite unions. A OS-algebra is then defined 
to be an algebra which is closed under countable, vice 
finite, unions. The Borel sets are introduced as the smal- 
lest o-algebra containing the open sets on the line. An 
outer measure is then defined, and this results in the 
definition of Lebesgue outer measure on the line. Using 


this outer measure, measurable sets are defined, and this 





elass of sets is found to be a o-algebra. Then, equipped 
with this o-algebra of measurable sets and Lebesgue outer 
measure (on the line), a measure space is formed; that is, 
Lebesgue outer measure restricted to be measurable sets is 

a measure and forms the measure space (X,%7t,m). In fact, 

it is found that this measure space is complete and is the 
completion of the measure space (X,@,m\Q), where @ denotes 
mee bOrel sets on the real line. 

Some natural questions then arise when we consider ways 
iuewinten the theory for the real line can be extended to 
more general situations. In particular, what are the essen- 
tial requirements in order that a set function may be used 
to define a general Lebesgue outer measure? Also, can 
Lebesgue outer measure always be used to define a collection 
Of sets so that when the outer measure is restricted to 
these a complete measure space is obtained? These questions 
emo rcostm tne first section. 

There are two different approaches that may be taken in 
examining measure in higher dimensional spaces, based on a 
Knowledge of measure on the line. The first is just the 
generalization of measure on the line by going directly to 
the entire space to define an outer measure and then induc- 
ing a measure. The second is through the use of product 
measures. Along with these measures the two o-algebras are 
defined, one induced by the measure defined on the entire 
space and the other induced by the product measure. The 


question then arises: are these equivalent? Namely, are 
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their respective o-algebras equal and are the measures of 
Peace dMaletecreal! measurable sets? In particular, what 
happens in the Euclidean plane? By defining Lebesgue outer 
measure in the plane and restricting it to the measurable 
sets, a measure is obtained, namely Lebesfue measure in the 
plane. The relationship between this measure and the pro- 
duct measure of Lebesgue measure (on the line) crossed with 
itself is investigated. These measures are found to be not 
equivalent because the respective o-algebras are not equal. 
Although this may be considered at first glance to be a 
defect in the theory, it does not constitute an essential 
problem because the one measure space is simply the comple- 
t10On Of the other. Because of this fact, the theory of 
integration is unaffected since the integrals are the same 
using either measure, whenever the integrals have meaning. 
some of these ideas are developed in the third section. 

Through the examination of the above notions another 
Guestion arises. Is the product o-algebra of Borel sets 
equal to the o-algebra of Borel sets in the higher dimen- 
Sional space? This question arises due to the close assoc- 
ijation of Lebesgue measurable sets and Borel sets. The 
Lebesque measurable sets differ from the Borel sets only 
mmcetomily Ol Sete .or measure zero. This question is 
answered in the second section and the answer is, inter- 
eseinely enough, affirmative. 

Notation in this thesis will follow normal conventions 


except as noted here. Define P* to be the nonnegative part 


= yy a 





of the extended real line. Also, use <> and {} to denote 
Pima homanaearor trary cOllections, respectively. Finally, 


Dae cispercapitals Cenove collections of sets, usually 


o-algebras. 
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Pee OULER MEASURE 


imei ceulonee tne NOet1on Of Outer measure is formally 
introduced and examined for its essential properties. 
Measurable sets are defined and the onopennestae Ot, Chis class 
of sets are examined. It is shown that, in general, an 
Mieetwinicasure restricted to The measurable sets yields a 
mempweve Space. This restriction is also shown to be unique. 
Finally, a different view of a measurable set is examined. 

An outer measure is a set function from the power set 
of a set, X, to the nonnegative, extended real line, P*, 
fomeneltoncounvably subadditive, monotone and such that the 
merce doure Of the mull set is zero. 
Definition. Given a set, X,p* is an outer measure on X if 
u*: © (X) > €* such that: 

ieee Co ) 


iin) | SCA ) 


0 


LA 


ue) for-A ¢ B. 


co 


jii) p®(U a) < 2 p*(A_) for every sequence <A_> 


n=1 
from ©(X). 


Based on the definition of Lebesgue outer measure on the 
become line; given a collection of sets G@ and a real-valued 
function r on@® , define p*: O(X)>P* by 
u*(A) = inf{rr(R, ): UR, > A, R,e @}, and consider condi- 
tions on @ andr, under which u* will define an outer 


Measure. 





Theorem 1.1. lei 


ie) Gey (Xx) 5 NY, R, = X 


Oo 
for some sequence SiS from (YX, 


am) ri: SG >P* 9: 
eeeCMomierenwooO,, then r(R) < r(S), 


revue er O 4 Teg. 5 r(T) < ec, 
then u*, as defined above is an outer measure on the set X. 


root. 


MmmEvmrovcimmD wolf ©, and since 9cR, VY Re QQ, 
Mee eeeteerch ): WR > 7, R,eG) = inf{r(R,), 
Re } =O. 
Bere2) = 0 
ii) Let AcBC€¢X; then, 
Ac B={i r(R,): UR, > A} BD {2 r(R,): UR, > B} 
=> inf{z r(R,): UR, > A} < inflz r(R,): UR, 3 B} 
w¥(A) < y*(B). 


ys Let <A,> be a sequence from i) 


Assume that u*(A, ) eames, fcr if we(A.) = =, then 


we Ld Aa) S u*(A, ) 


= 
lm g 
jt 


follows immediately. Let € > 0 and let {Rd} be a countable 


collection from & 


and - r(RY) Se ye 


J 
we Ay 
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Lt 


J J 
v, RS 2 UA, => inf{s r(R,): UR, 2 UaA,} < iP, POR. 


j i I 
WHC AL) SE, r(RY) SF (ue(A,) + €/2 4 u*(A')+e. 


Bee > O Was arbitrary, hence 


p*( UA, ) Sg) u*(A,) for {A,]} a countable collection 
from @ (X). 


Hence u* is an outer measure. 


Consider a subcollection of @(X), GM, namely the class 
Serie scubceps, &. of X such that YE, Ee @(X), v*(E) = 
U*(EQA) + p*(E-A). GQ will be called the collection of all 
u*-measurable sets (also called the admissible sets) from 
Y (xX). This collection of admissible sets will turn out to 
form a o-algebra, however there is no reason, in advance, 
COrassume this fact. As a consequence of the manner in 


fieeomey was defined, i* is finitely additive on @. 


Lemma 1.2. Let u* be an outer measure on a set, X, and let 


Pace. Lf {a,}. is any finite collection of pairwise 
7 i=] 


n n 
disjoint admissible sets, then ye (A,NE)) = a ee 
— 1L= 
MEeOgieme LE roceea by anduction, For the case n = 1, the con- 
Sitistenm Molds Since ’tme asserted equality reduces to the 
iclenied ty URC(E NA, ) = UF(ENA,). Now assume that the result 


k+1 
holde tom n = k and let {A,} be a collection of k+l 


i=] 
pairwise disjoint admissible sets. Then, 


all 





: k+1 s k+1 
ECE ACU) Ay) = RCCENC US AQAA) 


A,)) - A 


k+l 
fs CCE iC KtI)* 


L=1 


But, since the A'S are pairwise disjoint: 


k 
MECEMAL) + HACE NCU 


k+1 
u*¥( U (ENA. )) 
Lat L io 


A.)) 


UFCE NA 


k 
ee 8) 


k 
x x 
uy (ENA). 4) 1 ea u (EVA, ) 


k+1 + 
He (CEMA, )) ie Erne) 
i=l - — 1 


i=] 


Corollary 1.3. Letu* be an outer measure on a set, X, and 
(At ; be a collection of pairwise disjoint admissible sets 


brem) (xX). Then H*®CUA, ) = H*(A,). 


Proof. in the above lemma, let E = X. 


The collection A, of u*-measurable sets forms a 
o-algebra, and when u* is restricted to this o-algebra, u* 
satisfies the conditions of a measure (a AREOLA 
COUmvabiy additive set function, pp, on a o-algebra, with 
ean: )eelinetace, by passing to the measure space, 


© 6 a W*| ), in this manner we obtain a complete measure 
6 
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space (i.e., every subset of a set of measure zero is 


measurable). 


Lemma 1.4. Let uw* be an outer measure on a set, X;3 then 


the collection, (, of yw*-measurable sets is an algebra. 


Proof. In order to show that @ is an algebra, it must be 
Shown that: 


ino Oe OOL, 
ieee — fh ec fl , 


aie) Lie tb whenever {A} oma tanate collection 


from (\. 
i) X,8eQ by definition of p*-measurable sets 
ji) AcOh= X-AeQd, since EN(X-A) = E-A and 


E - (X-A)) = ENA. 


maat 1S, 


fee si (E ) ut(EQA) + U*(E-A) 


Meneame) oe (hf) (X= ) ) 
hence, 


i hac oe 


mio for Ec Xj sit remains to show 
n n 
uX(EN( U A,)) + uR(E - (U A,)) < eB). 
walk) * 7 


(Note: The reverse inequality is a direct consequence of 


the subadditivity of u*.) 


i 





But 


w*e(E) = u*(EMA,) af u*(E-A, ) 


H*(E NA, ) cf u*((E-A,) MAS) + u¥((E-A))-A,) +... 


+ u¥((E-A,_1) MA,) + uE(E-A__4)-A_). 


I 


u*¥(EAA,) + u¥((E-A,)NA,) + U*(E-(A,UA5)) +... 
+ uk((E-A__ NAL) 


+ ye(E - (A,U ASU -.. UAL)) 


(EMA,)U ((E-A,)V AS)... UCE-A, 4) 9 AL) 


= EA (A,V -.- UAL). 


HACE NA, )+ u*((E-A,)AA,)+... 


ea eee ie ae CHV CA, ... UA_)). 


u*(E) 


Iv 


HECEA (ALU -». UAL)) + URCE - (A,U .. UA). 


nN nN 
u*(E) “ME CE ee Ee (ae A,)). 


n 
Hence, Ac A, eG and thus,@ is an algebra. 


Theorem 


Proof. 

remains 
Let 

Gd, and 


must be 


1.5. (L is a o-algebra for a given set X. 


Since it was just shown that dd is an algebra, it 

to show that Q is closed under countable unions. 

a2 be a sequence of pairwise disjoint sets from 
ial co 

set C = J A, andA= \W A,. ForEC X, it 

i eee 
Shown that 
leh) een ay Ah) + y*( EA). 


Vn, ope (lees Gy ee CE ONC ee us CEC.) 


Viol ue Ee . He(EMA,) + w*(E-A). 
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massime tO the limit, we obtain 


Wen) > 


Vv 
ee 
lo 8 
eI 


[Vv 


ue (EMA,)) + u*(E-A) 
i=] 


NCE) SeaeuSCE 0) A ae u®(E-A) 


(Menlcee G-oiceprae - 


Theorem 1.6. The restriction of u* to the admissible sets 


is a measure. 


moeouwe rs a cairect result of the definition of u*, 

Mere.) ¥ B GX, hence for the restriction of u* to be 

Seiicasute, L, 20 remains Co show that wp is countably additive. 
Let ie be a sequence of pairwise disjoint admissible 


perce.) Let ula =u; then VAeQ , u(A) = u*(A). 


Wee emote A) << fllUFCA )= FA). 
n=1 4% n=1 " ~ n=l n =i n 
BIG , 
n n oo ee 
pee@r ee on wer) < ut a.) = uC U A,), Vn. 
all - i=] 1° - t=) i=1 
Hence 
emi Un), Vv 
HA. u er 
ae eS 
ipenmipye passage torthe limit, fy wu(A,) < pl U Ay). 
 4=1 a j=1 
meme) = uC U) AL). 
= 11 a i=1 1 


Hence, W*| = u is a measure. 
A 


IL 
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iieeremaeie ii fp is the restriction of w* to the admis- 
Piel owocevaoweconen the resulting measure space (X,@,nu) is 


complete. 


ma@or. To show (X, &,uU) is complete it must be shown that 
every subset of a set of measure zero is measurable. 


Meme X >: W*(A) = 0, then for E ¢ X: 
PD ee CE ewe A) > weC(E MA) + p*(E-A). 


», AEA , i.e. every set of outer measure zero belongsto (L. 


Wow let C c A, then u*(C) = 0. 
pices Ce Clem, 


Hence (X,@,u) is complete. 


Newewnat the essentials of Lebesgue outer measure, the 
BiemecanLebessue measure, and some of their properties have 
Mee@eaeitined, we present a condition under which measures 
are equal. However, first we will recall the statement of 
the important Theorem on Monotone Classes: let X be a set 
and € a peIeetion of subsets of X; if Q is the algebra 
generated by @ , ® the o-algebra generated by ©, and Jl 


the monotone class generated by (A, then OB = IM. 


at = 
Theorem 1.8. Let ( be an algebra and suppose HW, and us 
are measures On a space X such that Uy and U5 are o-finite 
face or al 1 Aca, Hy (A) = H(A), then Hy and WH, agree on 


0, the o-algebra generated by @. 


16 





PRoof. Denote (* = {Ac X: wu,(A) = un(A), Aca }. 

First, assume that Hy (X) 2 H, (X) < om, 

Sertainly, ¢ Gwiemeer(ueond it must be shown that Qc (*. 
Pwaeunie oieorem On monotone classes, it suffices to show that 
GO. * is a monotone class. Suppose a 1s a sequence from 
O* such that ETE. Then since Hy and HW, are measures, for 
m= 1,2, U,(E,)7u, (CE). But W,(E_) = un(E), Miral 

a uy CE) = u,(E) , since HW, (E) = Jim u,(E,); dy Se lees 


n7o 


Hence Bedi. 


Eamalarly, if tg is a sequence from (*) ENE, then since 
us (X) < o, u. (EB )Nu, (E), i = 1,2, and as before 
ieee = uj(B), Vn. 


ee uy, (E) = u,(E), since u, (E) = ala u,(E), i =1,2. 


noo 


Hence Fe, 


For X a finite measure space, (.* is a monotone class 
and @* = Qa. 


Now suppose that X is o-finite and Ee qd. Let SEL be 


co 


a sequence from a» heamaiecand tech.) <9o, for i = 1,2 
n=) 10 el ab n 
emavalil n. 
= n = 
Let _ = U A., then Ae is a monotone increasing sequence. 
i=] 


ie AO EAE => u, (ALN E)Au, (CE), Pere i Sl ee 

Hence it suffices to show that yu, (AN E) = U5 (A NE). 
But i, CL —omenoimie— 1,2 and all n. 

Then by the first half of the proof, W (AN E)= u(A, NE), Wn. 


a HW, (E) = W,(E), for E Eatl. 


sf 
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This theorem shows that we need only define the values 
which a measure assumes for sets which form an algebra and 
this guarantees equality on the generated o-algebra. How- 
er, caucion must be used when two measures are compared, 
as illustrated in the following. 

Suppose u and v are measures on [0,1] ): H([0,1])) 
me 10,1}) = 1 and A., B. eao > I) SO 
Denote X as the characteristic function of ee OOS) 
migfeme x = Y = [0,1] and let f(x,y) = 2X(x,y)}. Define A 


for all measurable sets Ec X x Y (the unit square) to be: 


ME) = S fCx,y)(uxv). 
E 


Then 4(A xY) = u(A) and \(XxB) = v(B) for A, B measurable 
subsets of [0,1]. Hence X} and u, and d and v agree on a 
Swerve class Of SECS but the class of sets is not an 
Pilecbra, and it turns out that A, uw and v are unique.* 

In view of the above observations, another examination 
of conditions which yield a measurable set is warranted. 
Specifically, we ask if there is a relationship between 
outer measure and measurability of an unknown set other than 
the original definition of u*-measurability. The answer is 
a Qualified yes; that is, there is a restriction on the type 
Paieasitrewowaceemmeonstocr a Se€t, k, which is equipped with 
a topology satisfying the second axiom of countability. 
PeaOwettea Measure space is defined such that over the set 
weeowcolplevo O-finite measure space is formed, where the 
measure, uw, Was constructed from an outer measure in which 


the underlying collection of sets, ® (see Theorem 1.1), is 
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miemeopoloey.,. then measurability is equivalent to approxi- 


mability from above and below by measurable sets. 


Theorem 1.9. If X and the measure space on X are as pres- 
memoca above, then & is measurable if and only if for all 


eee 0, there exists measurable sets E. and E, such that 


a 2 


Bee & cE 


3 
1 and u(E,-E,) < €. 


2 
meeot. Define and G. Sets as countable unions of closed 
Paeowena Countable intersections of open sets from X, 
respectively. 

First, we assume that E is a measurable set. It will 
be shown that J a G,-set, 0,3 u(0s;) = u(E) and Ec 0,. 

Assume, first, that X is a finite measure space. Let 
20) Sa 

eS 1 

WCE) < uCO.) < p(E) + 1/n. (Existence of this sequence is 


PewomoeauUemce Or Open sets > E ¢ 0n> done all a and 


guaranteed by the manner in which wu was constructed.) 
Denote a 0, by 0g, then Ec 0, ¢ 0, for all n and 
uCE) < u(0.) < uCO.) Het aly motor all n. 


». HCE) = uCO.), 


Nenmeeecsume thatex is O-finite, Then 3 E> Jee 1s 

= n=l] 
Measuraple and has finite measure and = Ee = 
N= 


PemMceud Or Cac En j a sequence of open sets <0; > oe OF 


ale ily 19 ee lk 
for all n and i, and u(0, - E.) < 1/(1+2"). 


Let 0, = Ss One then 0, Pomcimogemuser 1Or alloy and & C o5 
n= 


J 
and uC0,-E) ioe ae 


Henee, f\ 0, is a Ga-set 9 uC (1) 0,) = WCE) and E om { \) Oe. 
j=l J a =] 


j J 
.. For E measurable, 4d a Gs-set, 03, 9 WE) = H(O,) and 


Os 2 ae 


i 





It will now be shown that 4 an Bo-set, a oy Coe, by 


X - E, 


and u(F OD ele Gmems wOoama consider 5! 
From above, we know J a Gs-set, SiavaO, dv DoE and 
loos — B') < e, 

ieee tor F = X — 0*, F is a G,-set 5 Fe E. 

But E - F = EN(X-F) = EMO* = 0* - (X-E) = 0* - E', 
Moeu(h—-F) < e. 

Therefore, if E is measurable, j measurable sets By and 


b> i 


5 cECE 


1 D and H(E,-E, ) re weoiesevery ¢ >.0. 


Finally, suppose that Ve > 0, j measurable sets By 


and E,>9E, CECE, and u(E,-E,) < ¢. Thus, J two sequen- 


1 2 
eso! measurable sets eae SLE SL ae >: ae ac & S Bo. 


and W(E,,-E;)< Ailes. ae 


8 


Let By = 


sg eae 


6 6 HCE .-E.) = Oi. 


13 6 eae 


Es © Boy iene ila ye 


E., and E, = f\ E.,, then 
era 


(Cu 
il 


1 
E 2 


ie 


0) 


PGE wets complete and Be ~ ECE, - E. 


ae Ee - E is measurable. 


Hence, E is measurable, since E = E,U (E-E,). 


Aw) 
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Another o-algebra is closely interrelated with the 
O-algebra of Lebesgue measurable sets, namely the o-algebra 
of Borel sets. The Lebesgue Peastreanie sets and Borel sets 
Giiter only be sets of measure zero. In general, the 
O-algebra of Borel sets is defined as the smallest 
O-algebra containing the open sets of a topological space. 
Bach Borel set can be approximated, to within a set of 
measure zero, by a countable union of open and closed sets, 
but the Borel sets remain elusive. In order to clarify 
this, consider the following classes of sets. A set which 
is a countable union of closed sets is called an Fy? and a 
countable intersection of open sets is called a Ge. Rach 
By and Ge are Borel sets. Now consider the classes F 8 

and Gaye where Ee denotes countable intersections of 

F's and Gea denotes countable unions of G's. Noebe lore. 
each Fos and Gey is a Borel set. Continuing in this manner 


F F 


yields two sequences of classes of sets: By? a 0, Se 


and Ges Gea Geog? wee eeiow cacti ser im each class is a 
Borel set but these sequences do not exhaust the o-algebra 
of Borel sets. Hence a Borel set cannot, in general, be 
considered as a countable union Sr elmversocraon Of Some 
Comemiation Of Certain open or closed sets. 

With this in mind, it seems apparent that when working 
with O-algebras of Borel sets, a direct assault on the 


Borel sets through open sets must fail, and more subtle 


oak 


me 





approaches must be found. These approaches involve such 
notions as projection mappings and bases for a topology on 
eeopace. In particular, it is shown that the product 
Geateebra of Borel sets on the line is equal to the o-algebra 
Sueoorel sets in n-space. This is done first in the plane 


and then generalized to the finite dimensional case. 


iHemma 2.1, If 4 Lume smallest wo-alpebra containing the 
Seem sets Of a topology on a space, X, which satisfies the 
Pieeda axiom of countability, then 3 is the smallest 


O-algebra containing any base, for the open sets. 


mecoi. Let “3 * denote the G-algebra generated by the basic 
open sets. Any basic open set is an open set, which 
imolies % contains the basic open sets. 
meees ' <5 . 

rice A Satbisties the second axiom of countability, 
miynwopen set is the Union of a countable collection of 


meere, Open Sets and a countable union of basic open sets 


belongs to %'. Thus, every open set belongs to 7! 
= ofc o'- 


CGN 
memce, >) = 


Gorellary 2.2. CG el PER 





ELQOKO G° is the smallest o-algebra containing the open 
Seus im the plane. G3 x63 is the smallest o-algebra con- 
tamime sche Borel measurable rectangles. Since the collec- 


tion of all open rectangles is a base for the open sets, 
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@- moma se Une smallest oc-algebra containing the open 
rectangles. But every open rectangle is a Borel measurable 
rectangle and thus belongs to % x& : 


“. e &x& 


Theorem 2.3. GS x is the smallest o-algebra in Ro Suet 


that the projection mappings, m, and 1, Cm, (x,y) = xX, 


IL 
T5(X,y) = y) are measurable, i.e. n;(B), i = 1,2 are 


measurable for B e@. 


Pagol, "Venove the o-algebra induced by unt and 1, by Y., 
Let Be and consider T > 1¢B) and T 5 7B) . 
1)" (B) = Bx R and Ba) = R X B both of which are measur- 
able rectangles and hence a and Tee preserve measurability 
relative to®. 

Y c Ce) xQ proLMee > femtmenomalles, o-aleepra wath 
the property. It must now be shown that Q x64 c & , 
i.e. every measurable rectangle belongs to Y , 

Let A xX C be a measurable rectangle, then A x C ce Y : 
nence A,C e%. Then by the definition of & 5m, Cie 
i = 1,2 are measurable for B cQ, hence 7 LenS eY and 

5) e® and since & is a o-algebra, TT “Cay Ma5* CC) ce, 

But m (A) 1, (C) = (Ax R)N(Rxc)=AaAxce®. 
Hence every measurable rectangle belongs to © and hence 
SD xB <¢ @. 
ec = |. 


a3 





Theorem 2.4. For the o-algebra RQ, T> and a are measur- 


able. 


Ieeor. Lt must be shown that m5 (B) ce Q* inet we Cyne its 
suffices to show that n)” (B) = |B ie & oS 


Consider the following o-algebras: 


il 


{Bx R, Be B}. 


{n7"(B), B ¢% }, the o-algebra induced by 7): 


oF Bl 
il 


= {n° (0), U open}. 


— 


Then since 17” (B) = Bx R for B £Q, we have @& =‘ 
Pyles ©, IN since every open set is a Borel set. 

Now, assume © <‘ » i.e. there exists a B* ceQ a BF x Rd} 
but BY x REe® > and consider the o-algebras ®' and \" 


defined by: 


Se 
Y 


Piemeecincess x IR ¢\ and BY X Red, B*eS' and BY ZS ', 


{1,(S), Se Sj euatel 


{1,(T), US Se 


e @ e@ 2 2 c 4 e 
wadeh is a2 contradiction since ©! = yes ioe. a is the 


O-algebra generated by the open sets on the line and 9' 


is the o-algebra of Borel sets on the line, hence \' = Su, 
Then @ =, 
eeliy 1 (U) = U x R which is an open rectangle for U an open 


set, hence m7 > (U) Qe, 
«= Be Q*. 
Pal letreervancles of the form B x for Be & belong to Oe 


Mictiuoyecymmnevry, for B e 8 , R x Be Oe, 


a4 





». For the o-algebra Coe 74 and ™, preserve measurability 


welative to &. 


Corollary 2.5. ®*= ®@ x@ 


Broo! . Qs x is the smallest o-algebra such that ua and 


2 
Ty preserve measure sale steny eS 7 and T, preserve measure, 


hence Q x Os 6 (Oe: 
But by corollary 2.2, @° « @x«®B. 


mo = xQ. 


In order to facilitate the generalizations of the above 
miacols) GO N-Space, the following notation will be used. Let 
xB Q denote GO, x & , x... xO Mnere ®, = & = ile 
o-algebra of Borel sets. That is, A xT QQ is the smallest 


o-algebra containing the (Borel) measurable n-rectangles. 
Theorem 2.6. In R”, Q" = x2, 


ileOOt . Gx" is the smallest O-algebra containing the 
measurable rectangles. Q” is the smallest o-algebra con- 
taining the open sets in mR”, Since R” satisfies the second 
axiom of countability, by lemma 2.1, OM” 4s also the small- 
est o-algebra containing the open n-rectangles. 

We first prove that oo = QxB . Every open 


n-rectangle is a measurable n-rectangle and hence belongs 


to Q x7 womence 2” Cc (Dy xP Qs . 
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We next show OQ x2 is the smallest o-algebra for 
which the projection mappings, TCX) sXo 900+ 9X) = x, for 
i = 1,2,...,n, are measurable relative to. Denote this 
smallest o-algebra by @" and it remains to show that 
Sx = &", 

Note that 1] -(B) = IR, *...* R,_) * BX Ryy) %...% RB, for 
i = 1,2,...,n, where p e€®& and R, = for all i. 
m;"(B), ieee elie ts a measurable rectangle and hence 
for Q x2@ 9 5 is Borel measurable. 
Peo Sc GxTGS . 
tet A = Ay re, x Ae G x@ and consider my (A, ). 
Since, for Q”, tm, is Borel measurable, ty, CAL ie O” for 
1, = lees oan 
But @" is a o-algebra, hence ay mT, (A, )e (Che 

n 


-l = n 
But pa 1, Cae ence Ae QQ”, 


mex a eG, 
fe x EY 

tee remains to show that for Ge TT. is Borel measurable. 
[It suffices to show that 1 (B) = B x Ro a ra Rementie if ele 
then by symmetry ny Gl e Caee Hemce ways i nee Q x"G3 is the 
emoplkest o-aleebra such that the projection mappings are 
Pore measureable. at will follow that O xP = Q”. 

Consider the following o-algebras: 

IN {ny °(B), Be®}. 


OI 
i 


{ny "(U), U open}. 


{B x R, X...x R, = B x qo. Bee Ghe 


ee. 
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Ween, since n> (B) = Bx Re Por be G4, Qs = 5 y Miser 
© cy pliecmevectymoucm sel 1S a2 Borel set. Now, assume 
Qc S) waco ae Box Re gy > Bx poe re and consider 


the following two o-algebras: 


oO} 
j 


{m,(S), Se} and 


{1,(T), 1 ES, a 


iy 
T 


Then Bx R71 ¢N ana B x R™ +e implies that Be 6* ana 
ES which iS a contradiction since ‘I = 6) v. 
Cy! is the o-algebra generated by the open sets which is, 


in fact, the o-algebra of Borel sets, namely, @'.) 


> x" GQ, c Qn, 
Hence QxP = ©", 


Theorem 2.7. Q x72 DY = Q” ein Oe x Ge = Qe eve 
Meo e> < ©, 
iGo Om. | Suppose Oy 6s = Gr for all finite n. 
Consider n = s and n = t; then QG® = @x?Q ana Qt’ = QQ. 
But Q?® = or x. x OS and ot = B, Sis 3 Sar 
hence Qx®tt*D = ys So oS = Oy X45 2* OS - xx Cea 
Pae..- 
S Q x5ttQ eee JG ee Oe. 
Brose iy = eT’: 
“ OBS x mt _ Qy Stt. 
Now suppose that 64° x [8 a Bere iPOnmeasl St Ln te. 


Then, in particular, Q" x@ = Qa Gormelietinite th 


rae 





and 


oan 


i.e. 


byeaeo lying this Co x2 Q = 3, iy cu So) e 
OS xAGy Se Pee = Oo x G 

xO, eee x 6h = 

Q, x2 Q. = 637 | 
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x ee. 6e 


we obtain 


53 ee 


4 





Pete eestor MEASURE IN THE PLANE 


With the notions of the general Lebesgue measure and 
those of Borel sets developed, we now turn to the Hue ldean 
plane and investigate Lebesgue measure in the plane and its 
ar roweeoulvmMe:ploaqduer measure of Lebesgue measure on the 
tine. We will construct Lebesgue outer measure in the plane 
eae tien consider the measurable sets with regard to this 
outer measure to form the complete measure space (Re ME 5m). 
It will be shown that the o-algebra of Lebesgue measurable 
Sets in the plane properly contain the o-algebra generated 
by the Lebesgue measurable rectangles. Also, it will be 
shown that, on the o-algebra generated by the Lebesgue 
feeawmaore recvanzles, the measure induced in the plane and 
the product measure agree. This measure space, (R°, Sf 5m.) , 
(eeecurn Out FO be the completion of the product measure 
meecenas well as the completion of the measure space 
(R°,®*,m, | a) where Q* Serer eomencwlOrel Ssevs in the 
plane. F 

Mmorvor vont aclhiavare Understanding of this section, 
we will review some of the notions involved with product 
measures. Consider the sets EY and EY defined. for Ea 
measurable set, by EY Ripe me x.y) ec Et and 
EY = {xeR: (x,y)eE}. These will be referred to as the 
Pomoc Se Culomsmo: 2 Or, more generally, as the cross- 


sections of E. Now consider the functions $(x) and ¥(y) 


defined on the Lebesgue measure space (R,/,m), to be: 


29 





(x) = m(E,) aide Cy j= m(E*). Finally, integration of 
these functions over the entire real line yields 


J O(x) dm = f ¥Y(y) dm; this common value will be known 
R (R 


as the product measure of FE, and denoted (m x m)E. 

Let @ denote the set of all open rectangles in R°. 
Then for Re&, R is of the form (a, .a5) x (b, ,b,). Define 
m@eeiunction r as follows: 

r: @ -©* such that, for R = (a, 585) x (b,,b,), r(R) = 
(a,-a,)(b,-b,), feecemc hte the area of the rectangle R. 
then by theorem 1.1, we can define the outer measure, iS - 
oe) Por A CR’, 


ms(A) = inf{Zr(R,): UR, > A and R, eG’ for all i}. 


Hence we generate the complete measure space CR, ME 5m.) 
where ane is the o-algebra defined by: 


2 


A em Mead only .f for all B&R , m5 (E) =m5(E NA)+m5(E-A). 


Then by lemma 1.4 and theorem 1.5, Oa is the o-algebra of 


Mepescue Measurable sets in the plane. Also, mM. denotes the 


* restricted to the measurable sets. 


2 


By theorem 1.6, m, is a measure and the measure space 


MepesoWe OUuLer measure m 


(Re AN 5m.) is complete by theorem 1.7. 


Theorem 3,1. (Re, ME ,m,) is the completion of (R®, 3° ,m}), 
aL | 
where My = Pig e 


Proof. Note that (R~, MN ,m,) is complete and ge c ae 


since 


am? contains all measurable rectangles and hence contains 


ami open secs in R°. Therefore it suffices to show that if 
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A €& aM then A can be expressed as A = B U C where B € Cie 
and m.(C) = Os 

Sinee A € Me by theorem 1.9, there exists a sequence 
of measurable sets “BL? such that B,C A and BB. CB, 
forme oll n and further, m4 (B_) = m,(B) = m. (A) e/a Or 
coe nn. 


moee=\) B and C = A — B. 
a Nn 


©o 


Now, a Eee eebe dems (E)) < W( A). 
But m,(B) = ae m,(B.) 7? m(A). 
m., (B) = m. (A) 
Hence, m.(C) = 0. 
timechner, since Bh € Come tor ad ln, YU B,& & 


Pa (R®, N° ,m,) is the completion of (R°,@* m3), 


Lemma 3.2. x @® MM. 

Proof. & x (eb is the smallest %-algebra containing the 
S : 

Borel measurable rectangles and oy) x) is the smallest 

O-algebra containing the Lebesgue measurable rectangles. 


But, each Borel rectangle is a Lebesgue rectangle. Hence, 


BH xB ec MN) x M7. 


Lemma 3.3: QS x G2 is not complete. 


Proof, Let C, and C, e Nf such that m(C,) = m(C.,) = 0 and 
x C5 € «OQ, 


C1 2f5 Z 6% , and consider Cy x Co. Assume Cy 
aes C x Cy would be a Borel measurable rectangle, which 


is a contradiction because each cross-section of Cy x Cy 


all 


Oe 





would have to be measurable and neither Cy Nene Co, are Borel 
measurable. Hence a) xX qeesmmotmcontain all subsets of 


measure zero and therefore xB omic OM Lev e , 


Theorem 3.4.  9))x })) = Me. 


Proof. In order to show that ‘ilx/) = Bie} it suffices 
to show that each measurable rectangle belongs to ANE . 
Since every measurable set is the union of a Borel set and 
a set of neaeune Zero, each measurable rectangle, M x N, 
faebie CONsidered as the union of four parts, that is for 
Eyes © ® and C,, 
(B, x B,) U (C, x BL) UB, x Cs) U CC, x Cz). 


pince O° = i and ®x® = B-, iets Ea poy SDE 


By x B, © M*, BHaomvG@ekehore al remains to be shown that 


Co sets of measure zero, Mx N = 


rectangles of the form B x C and Cl Xx Co, belong to ome, 


(Re, M* ,m,) is complete, hence it contains all sets and 
subsets of measure zero. Therefore, if ms (B x C) = 


ecu )C) = O then B x C and C, x €, belong to me , 


1 2 
Suppose Bef>d B c I*, where 2(I1*) = b-a < », and 
Ce WN) > m(c) = 0. 
ens 
m,(B x C) = inf{ir(R,): UR, SB x Cc} > 0, 
ieee Cr )> Ul. 2 C} = 0, 
eens i ps Ul, > Bh < . 


m(C) =O=s Ve >0O, J eT e Ute > C and £2(T,) < e/b-a. 


Let Ry = db I,; nen UR, = U(1*xI,) > B x C and 


Sve 





me(R)e= In(i* x I BCC ei) WCE) Se. 


> 
Hence, m5(B ao ery = > 0 and m>(B x C) > 0. 
ee ms(B x C) = 0. 

Now let B €& be arbitrary; then B c (-~,~), and 


J See 5 UB, 5 JE elgucl Vee B, 


Then (UB,) xX €=Bxcez= UB 


Gelemwnere &(1,) = bisa. < o, 
=o) ( 3? a) 


j 89 


Thus , m5(U (B, (0) RS mms (B, x (ye Jey “silos tele i) 


m4 (B ac) = OF 


J 
s m¥(B Om m0 ToreB 6); 


Now, let C,,C,€%)¥) where m(C,) = m(C,) = 0. 


allied 
x % 
Then C, * C, © R xX C,, hence m§(C, x C,) < m&(R x Cy) 
But ms (R x C.) = 0 
’ * = 
. m¥(C, x C,) oO}, 
By symmetry, m3(C x B) = 0 follows and hence every measur- 


aole rectangle belongs to Mme. 


ee) x 2) 6c Me. 


a 


BScrem S08) ft M SIR® and Me Wx We, then (m x m)M =m. 


2 


Proof. Assume that MC I, * I, where I, and I, 


imcervals., Then (m x m)M = A 6(x)dm = _ m(M, ) dm ano) is oa 


are finite 


nonnegative measurable function; further, since MGI, * I,; 
@ is bounded and defined on a bounded interval. Hence there 
exists a sequence of simple functions (a real valued func- 

PiCMVMeseomranee cOMsists of a finite set of distinct points), 


<t> such that t.\o; further 4 t,dm < , therefore by the 


dominated convergence theorem, lim/ t,dm = dei. (The 
nS 


0 





dominated convergence theorem states that if a sequence 
Se of measurable functions and on ioe 1, for f 2 
measurable function, and if there exists an integrable 
function g such that ae. | < g for all n, then 

vam if fam =f fdm.) Each th defines a set of rectangles 
inc the area under the graph of the cross-section 
mijevrors and by translating these properly will yield a 
sequence of rectangels, <T? > eevering M. Let ¢« > 0, let 
t., be the simple function such that i ddm +e > di t dm, and 
let me by the sequence of rectangles covering M associated 
with t., i.e. UT, > M and Ir(T) = dl t dm. 

thus inf tir(T): UT, > ™} <ee = oo ee 


Hence mM < (m xX m)M. 


a 

Now, let Sete be a sequence of simple functions such 
that rae Then by the monotone convergence theorem, 
limf s_dm= f6dm. (The monotone convergence theorem 
N>o R fR 
states that if a sequence Ste of non-negative measurable 
functions is such that se ie for f a measurable function, 
then lim ff dm = ff dm.). As above, each s, defines a 

n> et n 
sequence of rectangles covered by M, <5,,? Let € > QO, 
let s, be the simple function such that 2 Pam -€ < £s,am, 
and let <S_> denote the associated sequence of rectangles, 
Cre Gemerlrander(S ) = fs dm. 
hie 1g R nN 


Then inf{rr(s.): Us ¢ Mm} > zrr(S_) > f ddm - e. 
nN ee = — 16 — R 


Hence, mM > (m x m)M. 


oe moM = (m x m)M, for M a subset of bounded rectangle. 
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Now let M ec %i)x/), M arbitrary. Since both 
2 )) °))) Oo ane ee 
(Ro, “ie < mand CR «))) Mx ) are o-finite, there 
exists a sequence <R,> of rectangles such that 21 =e 


and Re 1s a2 subset of bounded rectangle for every i. 


Then M = MACY R.) = U (MOR,.) and 
op il i=] al 


m, (M) = mC U (MAR, )) = 2 m5 (MMR, ) 


= 42 


gEy (mx m)QHAR,) = (mx mCU OAR) 


1. 


= (m X m)M. 


re moM = (m x m)M for Me Mx 


Theorem 3.6. Re ME 5m.) is the completion of 

(R<, OM) <M) , m xm). 

Proof. It suffices to show that for A ef’, A can be 
expressed as A = BUC where B e Mx YW? and m.,(C) = 0. 

But (R® N° sm.) is the completion of (RQ my} 9) SO 

A can be expressed as A = BUC where Be and m,(C) = Ole 
However, from Corollary 2.5, Q x63 = 64 ¢, hence we have 
Qo OM) x). cowl Lom LMe preceeding theorem we have 
My} sy) xgy = ™ * Mm Hence (R® ,91* sm.) is the completion of 
(Ro, M) xT,m x m). 


Lemma 3,7. Let f be a Borel measurable function and denote 


the graph of f by L; then m.,(L) = 0, 


op) 


eoemmemeonoider the Cross-section function Y¥(y) = m(L*). 

pamece i ws the graph of a function LY is a Single point for 
pale, hence '(y) = 0 for all y. Thus (m x m)L=J¥(y)dm= 2 0 dm= 0, 
But, since Le N]x , mL = (m x m)L = 0. 


a. mo = 0, 


It should be noted that in the above lemma, the term 
"function" was used in its strictest sense. The conclusion 
meee lemma 15 valid also for countable unions of graphs 
Seeemeasurable functions, when either variable is taken to 
De independent. For example, the graph of the equation 
xX = constant has measure zero. However, for more general 
et : [0,1] °R°, a measurable mapping, the range of f need 
Mov Nave measure zero, One example is the space filling 
pie. This curve is a continuous, hence measurable, 
teepime oF [O,l) onto the square [0,1] x [0,1] and 
m,([0,1} See Ln 

The following theorem is an immediate consequence of 
theorem 3,5. We offer an independent proof since it may 
be possible to deduce theorem 3.5 from this theorem. It 
must, however, be shown that if the measure of the rectangle 
is equal to its area, then m X m and m, agree on the measur- 
Meemirecuanie les sonece this 1S Shown, theorem 3.5 can be 
obtained from theorem 3.8 by application of the theorem on 


monotone classes and the o-finiteness of the measure space. 
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Theorem 3.8. The measure of an arbitrary rectangle is 


Selal tO 16S area. 


Proof. Let R denote some rectangle, then m,(R) = inf{rr(R,): 
UR, > R} < A where A denotes the area of R, since R 2 R 
and r(R) = A. | 

Hence it remains to be shown that mj(R) < A. 

mbes, SuppOse KR is compact, i.e. R is closed and bounded. 
Then R = qT, x I, where Ty = [a, ,b,] and I, = [a,,b,] and 
- <A, 5A55b0) 5D, Seo | Suljaliere I, and I, Swe meelpach . ule ce 


wescetin1te Subcovers <1..> and<l,,> for any open cover 


ey C3 
: dS a <a ee 
ono I, and I, Let ae and 153 be open covers for Ty 
pment, such that for 1*, x I%. = R, Eo alse <u lee ae = 


for some e€ > 0. Now for the respective finite subcovers 


<I, > aarel Iho define Ty; x Io; = Ba ae 


Then SUmeneemamtdenence > r(R.,)-< 2 r(R,,) 
> oe I ; 1 ar ah 


lew 
eee J i) J iyJ J 


< m,(R) + €. 


iMew wWwitiouc Poss of fenerality, arrange the finite sub- 


covers of a and I, such that for I,, = (a,,,b,.) and 
I,, = (4555054) we have: 
ST es acer ~ Po 
ihe a eo) 3) ~ 22 
Sihaeee by < Din on b» eer 
Then Res = T1 4X15, = (2,,,b,.) (a5; 5055) 
and VY; Ra = (U ie es y ee Py (I,, * I5,) 2 R. 


Sil 





Hence, mC R..) PCY, I,, x I,;) = 25 &(145)2(155) 


(bj - a,4) F ®(15,) + (by 5- aa ay 


t (b,,, = Eee ; £(T55). 

> (by, 7 ay) F &(15,)+ (by 5-by)) es i 
+ (b5 = bo-1D ; &(I5,). 

z= 


(b, - a,) : a(1,,) = ous Bly J = Cle) ear 


mmo R..) > A, hence 5 r(R,.) > A. 
| ae tJ 


But r(R, y) < m.(R) Temi oreenearbitrary e€ > 0. 


a 
15 J 
ie m.(R) > A. 

Hence m. (R) = A for R a compact rectangle. 

Assume now that R is open and bounded with area A, then 
R = (a,b) x (c,d) where aan a,b,c,d < © and (a,b) and 


Mena) are Open. R= R = U L, where R = [a,b] x [c,d] and 


{=1 
7? are the four lines forming the boundary of the 
i=] 
Pampacy rectangle R. But m,(R) = m.(R - <£ L,) = 
\ 2 a i=] al 


m. (R) - a m.,(L,) = A, since R is compact and m,(L, ) = 0. 
Hence for R open or closed, m.(R) = A, 
Now, let R be any bounded rectangle, i.e. R ={fa,b} x{e,a} 
(where the brackets denote neither open nor closed). 
Then R= RU( U L,) where R is open and bounded and U L. 

i=1 + aI 
Pie woOlunmdairys part Of which may be open or closed. 
(Note: If a side is open, the L, for that side will be g 
and m,(@) = 0.) 

4 

ie m.(R) = m. (R) + "i 


i=] 
Finally, let R be any rectangle, then J aa a sequence of 


m,(L, ) = m.(R) = A. 
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bounded rectangles such that UR, = jae 

; mee = 

“. mj(R) = m (UR, ) = Im5(R,). 

Also, since R = UR,, Area (R) = Area (UR,) = 2 Area (R,) 
= Zm,(R, ). 


meee Or am arbivrary rectangle, R, of area A, 


m.(R) = A, 


imeorem 3.9. nN) x Wf] eMC COO ko ue™ 


Proof. let N © R such that N is not Lebesgue measurable. 
But m.,(R x {0}) = 0. hence m. (N x {0}) = 0 since Me is 
complete. 

But N x fo} ¢ WY) xl] SImcesi 2S MOC Measurable. That is, 
if N x {0} e Mx 4y/ ,; then every cross-section would be 
Paooeianlomandnaparulcular, the x-section, N, would be 


measurable. But N was assumed not to be measurable. 


Theorem 3.10. There exists a subset of Re Whtehin is Moc 
Pepesuue Weasuaple, i.e, 4} A cR°S ag™M. 


Pool me Deti@e «son {O,1} <x [0,1] by x ~ y if ee ae 


where Ma “wm yoo., the set of rationals}. 
Pavutewaxtom Gh echoree, Jet A be a subset of [0,1] x [0,1] 
containing exactly one element from each equivalent class. 


Define ® on [0,1] x [0,1] by (x,,y,) B (x,,y5) 


Shy, 





(X,+X5 91 t¥ 9) if x,+x,<1l and geo 2 


(x, +x cya. iit and Tani S 


227) 2 
(x) +x5-l,y,tY¥5) if x,+xX5>1 and yy,ty,<1. 


(x, +X5-1,y,ty5-1) if x,+x,>1 and Wap 


eon wee Ove), Os, jeend x ¢ [0,1] x [0,1] put B+ x = 


12.0) 


mx:  b c« B}, and let Ke be an enumeration of 
n=0 


Carrol < (0,11, with ro =O andr #9, forn #m. 
Pires —- A®r , for all n. 
n n 
Then: i) a (| i = @% forn # m, 
Assume AIT pavemenensaex «© A and y ¢ A >» x ® Oca, cece 
Pwo Chis implies x - y € 0°, hence x * y. 
Since A contains only one representative from each equiva- 
meee class; xX = y. 


~. rP.=r. and hence A =A 
m n 


n m° 


i? eer oemeasurable, then AL is measurable and 


m,(A) = m,(A_), ele 


4 
Peer = (S1585). A= UB, where: AN([0,1-s,]x[0,1-s,]) 


a 

By a AN ({[0,1-s,]<f1-s,,1]) 
B. = BOL llesiey sal) es RN 
iS A f\({1-s, ,11* 1-85, 1)). 


es ae ae = A ® (S485) =(B, Ss) ii) MOB ® ey Ay 
(B, @r,) U (By ®r,) = (By + (8,585)) U(By + (s,,1-85)) 
U(B, Sr (1-s,585)) UCB, or CBr Pepe 


Hence if A is measurable, then B,; i=1,2,3,4 is measurable 


Semeomoc olen tly, An hommeasuranle. 
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m5 (A, ) = m. (By + (S4385)) + m,(B, + (s,,1-s,)) 


1 m,(B. Cae S5)) + m,(By + (ise ollie), 


ee 


m.(B, ) + m. (By) + m5(B) + m. (By) = m,(A). 
m., (A) = m5(A,); Powsal Is n. 
Meomeiiclivome es = [O,1) x (0,1). 
(i= vlee 


fae e (O,1)/ x [0,1]. Then J ews X= y=> x-ye 0°, 
and thus xe AL for some Nos ieenoere no ie for some aeloee 
O O O 


Therefore, m., ( U A) = m5 (Ope meena) = 1. 
n=1 7” 


But ae Be omen = am and m,(A_) = m, (A) form alin. 
co © 0 5 dy Mo (A) = Q 
Bene = 2, Ta4n) = 2 maf) -\. if m,(A) > 0, 


ale 


oo 
tebe 1s @ contradiction, since m,( U A_) 
a n=] Nn 


o 


se. A 1S not measurable. 


The results obtained here apply not only in the plane, 
but can be found to be the same for n-sSpace. The theory 
presented here also extends to locally compact spaces and, 
Dagar picilar  tomlocally compact groups. Although the 
MeoOrehas Mey Mavesur1ezacred this aspect, it should lead to 
many interesting results. Another interesting problem is 
that of finding relationships between Fubini'ts Theorem and 
the Radon-Nikodym Theorem. Investigation into this area 
should lead to results which provide insight into product 
Measures and the relation of these measures with the measures 


in the component spaces. 


4] 
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